Cho et al. 2012 proved some coupled fixed point theorems in partially ordered cone metric spaces by using the concept of a c-distance in cone metric spaces. In this paper, we prove some coincidence point theorems in partially ordered cone metric spaces by using the notion of a c-distance. Our results generalize several well-known comparable results in the literature. Also, we introduce an example to support the usability of our results.
Introduction and Preliminaries
Fixed point theory is an essential tool in functional nonlinear analysis. Consequently, fixed point theory has wide applications areas not only in the various branches of mathematics see, e.g., 1, 2 but also in many fields, such as, chemistry, biology, statistics, economics, computer science, and engineering see, e.g., 3-11 . For example, fixed point results are incredibly useful when it comes to proving the existence of various types of Nash equilibria see, e.g., 7 in economics. On the other hand, fixed point theorems are vital for the existence and uniqueness of differential equations, matrix equations, integral equations see, e.g., 1, 2 . Banach contraction mapping principle Banach fixed point theorem is one of the most powerful theorems of mathematics and hence fixed point theory. Huang and Zhang 12 generalized the Banach contraction principle by replacing the notion of usual metric spaces by the notion of cone metric spaces. Then many authors obtained many fixed and common fixed point theorems in cone metric spaces. For some works in cone metric spaces, we may refer the reader as examples to [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The concept of a coupled fixed point of a mapping F : X × X → X was initiated by Bhaskar and Lakshmikantham 25 , while Lakshmikantham 2 Journal of Applied Mathematics andĆirić 26 initiated the notion of coupled coincidence point of mappings F : X × X → X and g : X → X and studied some coupled coincidence point theorems in partially ordered metric spaces. For some coupled fixed point and coupled coincidence point theorems, we refer the reader to 27-34 . In the present paper, N * is the set of positive integers and E stands for a real Banach space. Let P be a subset of E. We will always assume that the cone P has a nonempty interior Int P such cones are called solid . Then P is called a cone if the following conditions are satisfied:
1 P is closed and P / {θ}, 2 a, b ∈ R , x, y ∈ P implies ax by ∈ P , 3 x ∈ P ∩ −P implies x θ.
For a cone P , define a partial ordering with respect to P by x y if and only if y − x ∈ P . We will write x ≺ y to indicate that x y but x / y, while x y will stand for y − x ∈ Int P . It can be easily shown that λ Int P ⊆ Int P for all positive scalar λ. Definition 1.1 see 12 . Let X be a nonempty set. Suppose the mapping d :
Then d is called a cone metric on X, and X, d is called a cone metric space.
Bhaskar and Lakshmikantham 25 introduced the notion of mixed monotone property of the mapping F : X × X → X. Definition 1.2 see 25 . Let X, ≤ be a partially ordered set and F : X × X → X be a mapping. Then the mapping F is said to have mixed monotone property if F x, y is monotone nondecreasing in x and is monotone nonincreasing in y; that is, for any x, y ∈ X, Let X, ≤ be a partially ordered set and F : X × X → X. Then the mapping F is said to have mixed gg-monotone property if F x, y is monotone gnondecreasing in x and is monotone g-nonincreasing in y; that is: q3 for each x ∈ X and n ≥ 1, if q x, y n u for some u u x ∈ P , then q x, y u whenever y n is a sequence in X converging to a point y ∈ X, q4 for all c ∈ E with θ c, there exists e ∈ E with 0 ≤ e such that q z, x e, and q z, y e implies d x, y c. for some k ∈ 0, 1 and all x, y, x * , y * ∈ X with x x * ∧ y y * or x x * ∧ y y * . Also, suppose that X has the following properties:
1 if x n is a nondecreasing sequence in X with x n → x, then x n x for all n ≥ 1,
2 if x n is a nonincreasing sequence in X with x n → x, then x x n for all n ≥ 1.
If there exist x 0 , y 0 ∈ X such that x 0 F x 0 , y 0 and y 0 F y 0 , x 0 , then F has a coupled fixed point u, v . Moreover, one has q v, v q u, u θ.
For other fixed point results using a c-distance, see 40 .
In this paper, we prove some coincidence point theorems in partially ordered cone metric spaces by using the notion of c-distance. Our results generalize Theorems 1.8 and 1.9. We consider an application to illustrate our result is useful see Section 3 .
Main Results
The following lemma is essential in proving our results.
Lemma 2.1 see 35 .
Let X, d be a cone metric space, and let q be a cone distance on X. Let x n and y n be sequences in X and x, y, z ∈ X. Suppose that u n is a sequence in P converging to θ. Then the following holds.
1 If q x n , y u n and q x n , z u n , then y z.
2 If q x n , y n u n and q x n , z u n , then y n converges to z.
3 If q x n , x m u n for m > n, then x n is a Cauchy sequence in X.
4 If q y, x n u n , then x n is a Cauchy sequence in X.
In this section, we prove some coupled fixed point theorems by using c-distance in partially partially ordered cone metric spaces. for some k ∈ 0, 1 and for all x, y, x * , y * ∈ X with gx ≤ gx * ∧ gy ≥ gy * or gx ≥ gx * ∧ gy ≤ gy * . Assume that F and g satisfy the following conditions:
2 g is continuous and commutes with F, for some k ∈ 0, 1 and for all x, y, x * , y * ∈ X with gx ≤ gx * ∧ gy ≥ gy * or gx ≥ gx * ∧ gy ≤ gy * . Assume that F and g satisfy the following conditions:
2 gX is a complete subspace of X, 3 F has the mixed g-monotone property.
Suppose that X has the following properties:
i if a nondecreasing sequence x n → x, then x n ≤ x for all n,
ii if a nonincreasing sequence x n → x, then x ≤ x n for all n. for some a, b ∈ 0, 1 with a b < 1 and for all x, y, x * , y * ∈ X with gx ≤ gx * ∧ gy ≥ gy * or gx ≥ gx * ∧ gy ≤ gy * . Assume that F and g satisfy the following conditions:
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ii if a nonincreasing sequence x n → x, then x ≤ x n for all n. for some a, b ∈ 0, 1 with a b < 1 and for all x, y, x * , y * ∈ X with x ≤ x * ∧ y ≥ y * or x ≥ x * ∧ y ≤ y * . Suppose that X has the following properties:
ii if a nonincreasing sequence x n → x, then x ≤ x n for all n.
Assume there exist x 0 , y 0 ∈ X such that x 0 ≤ F x 0 , y 0 and F y 0 , x 0 ≤ y 0 . Then F has a coupled fixed point.
Proof. It follows from Corollary 2.7 by taking g I X the identity map . for some k ∈ 0, 1 and for all x, y, x * , y * ∈ X with x ≤ x * ∧ y ≥ y * or x ≥ x * ∧ y ≤ y * . Suppose that X has the following properties:
Proof. It follows from Theorem 2.4 by taking g I X .
Example 2.11. Let E C Proof. The proof of 2.1 is easy. To prove 2.3 , suppose the contrary; that is, there is k ∈ 0, 1 such that q F x, y , F x * , y * ≤ k/2 q x, x * q y, y * for all x ≤ x * and y ≥ y * . Take x 0, y 1, x * 1 and y * 0. Then 
Application
Consider the integral equations where T > 0 and f : 0, T × R × R → R. Let X C 0, T , R denote the space of Rvalued continuous functions on I 0, T . The purpose of this section is to give an existence theorem for a solution x, y to 3.1 that belongs to X, by using the obtained result given by Corollary 2.10. Let E R 2 , and let P ⊂ E be the cone defined by
We endow X with the cone metric d :
It is clear that X, d is a complete cone metric space. Let q x, y d x, y for all x, y ∈ X. Then, q is a c-distance. Now, we endow X with the partial order ≤ given by
Also, the product space X × X can be equipped with the partial order still denoted ≤ given as follows:
It is easy that i and ii given in Corollary 2.10 are satisfied. Now, we consider the following assumptions:
b for all t ∈ 0, T , the function f t, ·, · : R → R has the mixed monotone property, c for all t ∈ 0, T , for all p, q, p , q ∈ R with p ≤ q and p ≥ q , we have 
3.8
We have the following result. 3.9
We have to prove that A has at least one coupled fixed point x * , y * ∈ C 0, T , R × C 0, T , R . 
